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Abstract 



< 

Let U{x) be a generalized quantum group such that dim.U^{x) = co, 
rH ■ < oo, and R'^{x) is irreducible, where U~^{x) is the positive part 

of U{x), and R'^{x) is the Kharchenko's positive root system of U^{x)- In 
this paper, we give a list of finite-dimensional irreducible highest weight 
J7(x)-modules, relying on a special reduced expression of the longest ele- 
. ment of the Weyl groupoid of U{x)- 

> 

o 

^ : Introduction 



In this paper, we give a list of the finite-dimensional irreducible highest weight 
O ■ modules of a generalized quantum group U{x) whose positive part U~^{x) is 

infinite-dimensional and has a Kharchenko's PBW-basis with a finite irreducible 
positive root system. We call such U{x) finite-type infinite- dimensional general- 
_ ized quantum group. 

rS ■ We begin with recalling some facts of Lie superalgebras. The contragredient 

a ■ Lie superalgebras [TT| Subsection 2.5.1] is defined in a way similar to that for 

Kac-Moody Lie algebras. Kac classified the simple Lie superalgebras [TTl Theo- 
rem 5], where the finite-dimensional irreducible contragredient Lie superalgebras 
played crucial roles; those are 

(1) the simple Lie algebras of type Xjv, where X = A, . . . ,G, 

(2) sl{m + l\n + l) {m + n> 2), 

(3) 5(m, ra) (m > 0, n > 1), C{n) (n > 3), D{m, ra) (m > 2, > 1), D{2, 1; x) 
(x 7^ 0, -1), F(4), G(3). 

The ones in (1) and (3) are simple. The simple Lie superalgebras A{m,n) is 
defined by sl{m + l|n + 1) if m 7^ n, and otherwise A{n,n) := sl{n + l\n + l)/i, 
where i is a unique one-dimensional ideal. 
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Bases of the root system of the Lie superalgebras of (2)-(3) are not con- 
jugate under the action of their Weyl groups. However each two of them are 
transformed to each other under the action of their Weyl groupoids W, whose 
axiomatic treatment was introduced by Heckenberger and the second author [9]. 
Kac [TTl Theorem 8 (c)] gave a hst of the finite-dimensional irreducible highest 
weight modules of the simple Lie superalgebras in (2)- (3) above. In the same way 
as that for the proof of our main result, Theorem [181 we can have a new proof 
of recovering the list; our idea is to use a specially good one among the reduced 
expressions of the longest elements of the Weyl groupoids W. 

Let g := sl{m + l\n + 1) or C{n) for example. Let f) be a Cartan subalgebra 
of g such that the Dynkin diagram of (g, f)) is a standard one. Let LI = {ai\l < 
i < dimf)} be the set of simple roots corresponding to P). Let Wq be the 
longest element of of g whose end domain is corresponding to f). The key 
fact used in this paper is that there exists a reduced expression Sj^ ■ ■ ■ Sj^^^^j of 
Wq such that ■ ■ ■ Sj^_j(aj^), 1 < x < k, are even roots, and Sj^ ■ ■ ■ 
k + 1 < y < (-{wq), are odd roots for some k. We claim that this is essential 
to the fact that an irreducible highest weight g-module of a highest weight A is 
finite- dimensional if and only if e Z>o for all even simple roots a^, where 

( , ) is a bilinear form coming from the Killing form of g. 

Motivated by Andruskiewitsch and Schneider's theory [3], |4] toward classifi- 
cation of pointed Hopf algebras, Heckenberger [7] classified the Nichols algebras 
of diagonal- type. Let U (x) be the C-algebra (we call it the generalized quantum 
group) defined in the same manner as in the Lusztig's book [T3| 3.1.1 (a)-(e)] for 
any bi-homomorphism x • x ZH — )■ C^. We say that U{x) is finite-type if 
the Kharchencko's positive root system of U (x) is finite and irreducible. Nichols 
algebra of diagonal- type is isomorphic to the positive part U^{x) of U{x) of fi- 
nite type. If U{x) is finite-type infinite-dimensional, then it is a multi-parameter 
quantum algebra of a simple Lie algebra in (1), a multi-parameter quantum su- 
peralgebra of a simple Lie superalgebra in (2) or (3), or one of two algebras [TJ 
Table 1-Row 5, Table 3- Row 14]. Our main result. Theorem [T8| gives a list of 
the finite dimensional irreducible highest weight modules of such U{x) in the way 
mentioned as above. 

Studying representation theory of U{x) must be interesting and fruitful since 
the factorization formula of Shapovalov determinants of any finite-type U{x) has 
been obtained by Heckenberger and the second author in [10] . We believe that it 
help give us a new way to study Lusztig's conjecture. 

This paper is organized as follows. In Section 1, we give a definition of general- 
ized quantum groups U (x) associated with any bi-homomorphism x, and explain 
the Kharchenko's PBW-theorem of U{x)- In Section 2, we explain properties 
of Weyl groupoids associated with finite- type U{x)y and Heckenberger's classifi- 
cation of finite-type infinite-dimensional U{x)- Assume that U{x) is finite- type 
infinite-dimensional. In Section 3, using longest elements of Weyl groupoids and 
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Heckenberger's Lusztig isomorphisms, we give a criterion when an irreducible 
highest f/(x)-niodule is finite-dimensional. In Section 4, we give a list of finite- 
dimensional irreducible highest weight f/(x)-niodules for U{x) having a standard 
Dynkin diagram. 

In [19] , we have given a result similar to Theorem [18] for [71 Table 1-Row 5] . 

1 Generalized quantum groups 

1.1 Basic terminology 

Let N denote the set of positive integers. Let Z denote the ring of integers. For 
m, n G Z, let Jm.n '■= {i G Z|m < i < n}. For n G Z, let Jn,oo '■= {i G Z|z > n}, 
and let J_oo,n := {i G Z\i < n}. Then N = Ji,oo- Let Z>o := Jo,oo- Let C denote 
the field of complex numbers. Let := C \ {0}. 

For a unital C- algebra Q, let Ch(^) denote the set of C-algebra homomor- 
phisms from Q to C 

For t G and m, n ^ Z>o with n < m, let 

For m G N, let P„, := {r G C^jr*" = 1, r* ^ l(t G Ji,™-i)}. Let Poo := 

For a C-algebra a and X,Y ea, let [X, F] := XY - YX. 

For a set s, let |s| denote the cardinality of s, and denote by &{s) the set of 
bijective maps from s to s. Let l±l mean disjoint union of sets. 

For Z-modules b and c, let B.omx{b, c) be the Z-module formed by the Z- 
module homomorphisms from b to c, and let Autz(b) be the group formed by the 
Z- automorphisms of b. 

The symbol 6ij, or 6ij, denotes Kronecker's delta, that is, 6ij = 1 ii i = j, and 
Sij = otherwise. 

1.2 Bi-homomorphism x ^iid Dynkin diagram of x 

Throughout this paper, we 

(1.2) fix iV G N, let / := Ji^n, and fix a set U := {ai\i G /} with |n| = N. 

Let Zn be the free Z-module with the basis 11. Then rank^ZII = A^. We say 
that a map x '■ x ZII — is a bi-homomorphism on U if 

(1.3) x(«,/3 + 7) = x(«,/3)x(«,7)7 X(a + /3,7) = x(a,7)x(/3,7) 
hold for all a, /3, 7 G ZII. Let An be the set of bi-homomorphisms on 11. 
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Let X ^ '^n and let qij := xi'^ii ^^j) fo^' h j ^ F By the Dynkin diagram of x, 
me mean the un-oriented graph with A^-dots such that each i-th dot is labeled 
ai and qu, each two j-th and k-th dots with j ^ k and qjuquj 7^ 1 are joined by a 
single line labeled qjkqkj- For example, if = 3 and qu = —1, = Q'33 = q^, 
912^21 = ?23932 = q~^ and gi3g3i = 1 for some q G Poo, then the Dynkin 
diagram of x is given by the leftmost one of Figure [71 

1.3 Quantum group U = U{x) associated with x ^ ^^n 

From now on until the end of Subsection 11.51 we fix x G An, let qij := 
for z, j G /. 

Let U = U (x) be the unital associative C-algebra defined by generators 
(1.4) Ka, L« (a e Zn), Ei, Fi {t G /) 

and relations 

= Lq = 1, K^Kp^ = Ka+p, LaLp = La+p,^KaLp = LpKa, 

,^ KaEi = ai)EiKa, LaEi = a)EiLa, 

KaFi = x{a, -ai)FiKa, L^Fi = x{ai, a)FiLa, 
EiFj — FjEi = 6ij{—Kai + Lai) 

for all a, /3 G Zn and all i E F 

Define the C-algebra automorphism Vt -.U — )■ f/ by Vt^Ka) '■= K_a, ^{La) '■ = 
L_,, n{E,) ■.= FiL_^^, and fi(Fi) := K-^A- 

Let = be the unital subalgebra of U generated by Ka, La (« G ZU). 

Let [/"^ = U~^{x) be the unital subalgebra of U generated by Ei {i G /). Let 
U~ = U~{x) be the unital subalgebra of U generated by Fi {i E I). 

Lemma 1. The elements 

(1-6) F,,---F,^kaLpEi,---E,^ 

with m, r E Z>o, ix E I {x E Ji^r), jy ^ I iy ^ Ji,m), Oi, (3 E ZU form a C-basis 
of U, where we use the convention that if r = (resp. m = 0), then Ei^ ■ ■ ■ Ei^ 
(resp. Fj^ ■ ■ ■ Fj,^) means 1. 

Proof. This can be proved in a standard way as in fTEl Lemma 2.2]. □ 

Define the Zll-grading structure U = (BaezuUa on U by Ka E Uq, La E Uo, 
Ei E Ua,, Fi E U-a,, and UaUis C Ua+p. For a E ZH, let := D Ua- Then 

For m E Z>o, and ti, t2 E C^, let 

(1.7) (m;ti,t2) := 1 -C"'^2, (m; ti, ta)! := JJ (-^'^ ^i' ^2). 
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For m e Z>o and i, j E I with i ^ j, define ^ f/+„^+„. and 

^m,a„a,, ^ t/r„„,;_„, inductively by ^o^„,,„, := 4-, ^dl'a,,^, := ^7, and 



p.p- -n-.'^nr^p- p. 



Lemma 2. (1) For m G N and i, j E I with i ^ j , we have 

(1-9) [E., Pn = + <kr^'L^:)Fr'- 

(2) For m G N anc? i, j E I with i ^ j , we have 

(1.10) [Ei, = -(m)g^^(m; fe, qijqji)Ka,F;^-i,a,,a,- 

(3) Lei n, m E Z>o wi/i n < m and i, j E I with i ^ j ■ Then we have 

(1.11) = (ri),J (m; fe, g,,g,,)!^"^""^n«.+«,. 
/n particular, we have 

(1-12) [^;, ^+.,,.,] = (m; fe, g,,g,,)!F;-L„^.. 

(4) For m E Z>o and i, j E I with i ^ j , we have 

(1.13) [E^,a,^^^,K,a^^^j] = ("^)toK"^; Qii, qijqji)K-Kma,+a, + Lmai+a,) ■ 

(5) For m, n E Z>o anc? j , k E I with i ^ j ^ k ^ i, we have 

Proof. These equations are obtained in a direct way as in [8]. □ 

For a = ^jgj Uiai E ZH with Ui G Z, in a way using an induction on Xlig/ '^j; 
we define the C-subspace XZq, of UZ^ by 
(1.15) 

{0} if a G {o}unu (zn\z>on), 

{Y E UZ^ I Vz G /, [Ei, Y] C iz^^a^Ka, + Xr,+,X,J otherwise. 



LetX := ©aez>on\({o}un)2^-Q- Let := Spanc(X [/°?7+). Then is an ideal 
of U. We define the unital C-algebra U = U (x) by 

(1.16) u ■.= u/{j~ + 

(the quotient algebra). 



Remark 1. (1) By [TOl Proposition 3.5 and (3.19)], we can see that the definition 
of U{x) given by fll.lGp is equivalent to the one given by [101 (3.43)]. 

(2) As for the defining relations of U{x) for x oi Theorem [TSl below, see [1], 

0, m m- 

Using Q, we have the C-algebra automorphism Q : U U defined by 
n{K^) := K.a, ^(L^) ■■= L_^, ^(Ei) := F^L.^,, and n{Fi) := K-a^E,.^ 

Let 71 : U U he the canonical map. We denote 7i{Ka), T^iLa), i^iEi), n{Fi), 
T^{Et,ai,a,), ^(^m,a„a,) by K^,, L„, Ei, Fi, F^,„^,„^, respectively. Let 

f/o = U'^(x) ■= vr(f/°), = U^ix) ■= vr(f/^). For a e ZH, let = U{x)a ■ = 
7r{U^), and = U^{x)a := vr(t/±). 

We can easily see 

Lemma 3. There exists a unique C-linear isomorphism from U~ ®U^® to 
U sending Y ® Z ® X to YZX {X e U+, Z E f/°, Y E U~). Moreover, we 
have f/° = ®a,i3€znCKaLf}, U = ®aezuUa, = ®ae±z>ouU^, and dim[/+ = 
dim UZ^ for all a E Tj^qU. 



1.4 Kharchenko-PBW theorem 



Define the map -.ZU^NU {oo} by 
(1.17) 

oo if (m)^(Q,^Q,)! 7^ for all m eN, 

Max{m e N I ( 

''^)x(a,a)' 7^ ^} otherwise. 
For i, j E I, define c^^- E {2} U J_oo,o U {-oo} by 



2 if 2 = J, 

'1.18) c^j := <^ -oo ifi^j and {m)qj{m; qu, qijqji)l ^ for all m eN, 
-Max{m E Z>o | {m)qj{m; qu, qijqji)\ = 0} otherwise. 

By (11. 9p . we have 

Lemma 4. Let i E L Let m E Zi>o. Then F^ = if and only if m > h'^{ai). 
In particular, if m E Jo,/ix(oi), then dimf/Zmaj = 1? and if m > h^{ai), then 
dim Ul^^^ = 0. 

By (HinD, ffTTQl) and ffT:T2D . we have 

Lemma 5. Let i, j E I with i ^ j ■ Let m E Z>o. 

(1) ^m,a,,aj 7^ z/ and Only if m E Jo~cf.- 

(2) Let 

(1.19) yij^rn ■= {{mi, 1712) El?\miE jQ_^x,m2 E Jo,hx{ai),'mi + m2 = m}. 



Then the elements E^_^^^^^^,F[^^ with (mi, 7712) E yi,j,m form a C-basis ofU^ 
(3) dimf/r„^_„^ E Ji,2. Moreover, q^q^i = 1 ^ cfj = ^ dimUl^^_^^ 
Ei Ej qij Fj Fi . 



moi —a j 
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By the celebrated Kharchenko's PBW theorem, we have 

Theorem 6. (KharchenkoJT^ , see also 0, Section 3, (P)], and |I3 (2.15)]) 

(1) There exists a unique pair 

(1.20) (i?+ = i?+(x),^ = ^x)' 

where is a subset of 7j>qII \ {0}, and if is a map from R'^ to N, satisfying 
the condition that there exist G N U {oo}, a surjective map ip : Ji^k ~^ with 
\ijj~^{a)\ = ip{a) {a G i?+), and F[r] G UZ^^^^ \ {0} (r G Ji,^) such that the 
elements 

(1.21) F[1Y' ■ ■ ■ Ffm]^"" (m G Ji,fc, Xy G JomWv)) iv ^ Ji,m)) 

form a C-basis of (where we mean that for m < m, F[l]^^ ■ ■ ■ F[m]^"' = 
F[l]^^ ■ ■ ■ F[m]^''" if and only if Xy = Xy for all y G Ji^m O'^d Xy = {) for all 

y £ Jrn+l,ifi)- 

(2) (cf. IM Theorem 4.5]) If \R+\ < oo, then ip{R^) = {1}. 

Once we know Theorem [6], the following lemma is clear from Lemmas H] and 

El 

Lemma 7. (1) IT C -R+. 

(2) For i, j E I with i ^ j , we have 

(1.22) R~^ n {aj + Z>oai) = {aj + nctj \ n E Jq -c^.}, 

and ip{aj + roj) = 1 for all r G Jo-a - 

(3) Let r be a non-empty proper subset of /. Let /" = / \ Then R^ = 
(i?"*" n ©jg//Z>oaj) l±l (i?+ n ©jg/"Z>oaj) if and only if qijQji = 1 for all i G /' and 
all J G 

For X ^ '^u, we say that x is irreducible if its Dynkin diagram is connected, 
that is, for any two i, j E I with i ^ j, there exists m G Z>o, ir E I {r E Ji,m) 
such that qit^it^^qit^-i^^it 7^ 1 for all t G J^m, where we let io := i and im+i ■= j- 

Let A'j^j" := {x G An | x is irreducible}. 

1.5 Irreducible highest weight module 

Let A G Ch(f/°). By Lemma [3l we have a unique left fZ-module M(A) = M^(A) 
satisfying the following conditions. 

(i) There exists vx G M^(A) \ {0} such that Zva = A{Z)va for all Z G t/° and 
-Ej^A = for all i E L 

(ii) The C-linear map U~ — )■ M(A), Y — yCA, is bijective. 
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For i E I and m G Z>o, by (11. 9p . we have 

(1.23) E^Frv^ = (m),„(-gi-A(J^.J + A{L^J)FrW. 

Let M be the maximal left submodule of M(A) with Af C ©aez>,)n\{o}f^rQCA- 
Then M = ©aGZ>on\{o}(f^~Q^A HA/"). Let L{A) = L^{A) be the quotient left 
[/-module defined by 

(1.24) L(A) = L^(A) := M{K)/U. 

We denote the element Oa + A/" of iv(A) by wa. For a G ZII, let L(A)q = 
Lx(A)<, := f/-t;A. Then L(A) = ©„ez>on^(A)_^. We also have L(A)o = Cwa, 
and dimL(A)o = 1. 

By (ll.23p . for m G N, we have 

(1.25) Frvt, = Q ^ (m),J(m;g,7\A(J^„,L_«J)! = 0. 
Let 

r oo if (m),J(m;gri, A(i^,X_,J)!^0 for all mGN, 

(1.26) /i^,A,i := < Max{m G Z>o| (m),J(m; g,:T\ A(A',^L_,J)! 7^ 0} 

otherwise. 

By (11251), we have 

(1.27) dimL(A) < 00 ^ V« G /, h^^x,i < 00. 
1.6 Notation = 

For X G Xu, define the map : Ch{U'{x)) ^ (Cx)^byK^(A) := {A{K^Z_^^)),^j. 
Notation 2. Let x? x' ^ Let := xi^a^ctj) Qij '■= x'{(^iyC(j)- We write 

(1-28) x = x' 

if Qii = Qii for alH G / and qjkQkj = q'jkl'kj fo^^ all j, ke I. By p.lSp, 

(1.29) x = x' Vz,VjG/, 4 = c^'. 
Let A G Ch(?7°(x)) and A' G Ch([/0(x'))- We write 

(1.30) (x,A)^(x',A') 

iix = x' and K;^(A) = k^'{A'). 
Note that 

(1.31) (x, A) = (x', A') ^ G /, /i^,A, = V,A',^ 
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2 Some finite-type bi-homomorphisms 
2.1 Finite-type bi-homomorphisms 

Let X^"" := {x e I \R^{x)\ < oo}. If x e '^n" n we say that x is 



Let X^'^"" := {x e I Vz, Vj, ^ -oo }. By ([L22D, we have 

(2.1) X^"" C A'n''^". 

Let X ^ Af^'^". Let i E I. Define Sj = G Autz(Zn) by Si{aj) = aj — Cijai. 
Note that Sj(aj) = —a,, and sf = id^n ^ I)- Define i > x ^ '^n by 

(2.2) ^>x(«,/3) :=x(5^(a),5.(/3)) 
for all a, /3 G ZH. 

Notation 3. Let x? x' ^ A'^'*'". We write x ~ x' if there exist m G M, if G / 
{t e Ji,m) and Xr e '^n'^" ^ -^i,m+i) such that x = Xi, x' = Xm+i, and 
>Xt = Xt+i (t G Ji,„,). 

Let X;f'' := {x G A"/;'^^ | Vx' ~ x, Vz G /, z > x' G ^n''" }• 

Let R{x) := i?+(x) U (-i?+(x)) for x e A'n- It is well-known that 

Theorem 8. ([6], Proposition 1], see also [9l Example 4]) Let x G A'^^". 

(1) VFe have 

(2.3) .f(i?+(x)\ W) = i?+(2>x)\{«.}. 
/n particular, 

(2.4) s>^(/2(x)) = i?(z>x)- 

(2.5) xe^^n" =^ ^>xeX^\ 

(2) For X e '^n''", {(i?(x'), n, (s,^')i6/)|x' ~ x} satisfies the axioms of 
Definition 2]. 

By ([21]) and ([23]), we have 

(2.6) A-fi" C X^f""". 

Let X G -^n^"- By ^ and ([L22]), we have cg^ = 4. Hence sf^ = s,^, and 
we have 

(2.7) it>i\>x = X- 

The following lemma is an easy exercise for the reader. 
Lemma 9. Let x ^ X!^^^ . Let i E I he such that x(«i5 «i) ^ -Poo- Then it>x = X- 
Let X, X' e X^^"". Let i G /. By ([L29]), we have 

(2.8) x = x' ^ = sf\it>x = ^>x'■ 
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2.2 Longest element of Weyl groupoid associated with a 
finite-type bi-homomorphism 

For n G N U {oo}, let S„ be the set of maps from Ji „ to /. 

Notation 4. Let x ^ X^^"^. Let n G NU {oo}, and let / G S„. For t G Jo,n, define 
G " and I'^s/^t £ Autz(Zn) inductively as follows. Let x/,o := and let 
:= idzn- If ^ e Ji,„, let Xf,t ■= f{t)>Xf,t-i, and let l^S/,i := l^S/,t_is|^[^J. 

Let X £ '^n^") / £ ^oo and t G Z>o. Let w := Let 

(2.9) i{w) := min{/ G Z>o | 3/' G E^o, s.t. x/',/ = X/,t, l'^-?/',; = }• 
By Theorem [8] and [9l Lemma 8 (iii)], we have 

(2.10) i{w) = \w{R+{xf,t)) n -Z>oU\. 
Hence we have 

^ ' ^ ^' ' 1 ^-M - 1 if w(a/(m)) e -/?+(x)- 

For /i, /s G and /i, /a G Z>o with l^S/i,ii = l^Sf^^i^, we have = XfiM 

since £((l^S/^jJ~"'^l^S/-2^/2) = 0. Hence £{w) = min{/ G Z>o | 3/' G Sqo, ^^Sf^i = 
w }. 

Lemma 10. Let x ^ '^ri°; ^ '■= l-R^(x)|; / ^ '^n, o^nd t G Ji,„. Assume that 
V^s f^y{af(^y^i)) G -R'''(x) hold for ally G Jit-i- Then we have: 

(1) £(l'^s^,) = t. 

(2) Assume t G Ji,„,_i, T/ien i/iere exists i E I such that l^s/^i(aj) G -R~'^(x)- 
Moreover, if V^Sf^t{oif{t+i)) e --R"^(x); ^^en i{V^Sf^t+i) = t-l. 

(3) Assume t = n. Then we have 

(2.12) l^s/,n(n) = -H, 
and 

(2.13) i?+(x) = { Fs;,.-i(a/(.)) I r G Ji,„ }, 

and /or n' G N and /' G H„/ . 

(4) For x' G Xjj with x' = X; we have x' G ^'^^ -R(x') = -R(x)- 

Proo/. (1), (2) and fl232|) are clear from fl2TT]) . 

We show fl2.13p . By (1), we see that for all ^1,^2^ -'o.n, 

(2.14) t,<t2 m'^sf^t.yh^sf^t,) = t2- ti. 
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Assume that l^sj^n-iicifiri)) = l^'5/,r2-i(«/(r2)) for some ri, r2 G Ji,n with 
ri < r2. Applying (l^Sf^n)"^, we have -a/(ri) = il^Sf^ri)"^l^Sf.r^^i{af^r2))- 
By fl2TT]) . = £((Fs/,^J-4^s/,^2_i) - 1, which contradicts 

(Em]). Hence we have f l2.13p . as desired. 

We show (4). By (ESD, we have x' e X^^"" and = (t G Jo,n). 

By f l230|) and fl2:T2|) . we have x' e and \R+{x')\ < n. By fl2T3|l . we have 
R^ix) = R^ix')- This completes the proof. □ 

Lemma 11. Let x G ^^iT ■ Then dimt/~(x) < oo if and only if x{c(i,C(i) ^ -foo 
for all i, j G /. 

Proof. By fl2.13p . (12. 4p . and Theorem |6l we see that dimf/^(x) < oo if and 
only if x'{c(iy ^a) ^ -Poo for all i E I, and all x' ^ with x' ~ Then we can 
easily see that this lemma holds. □ 

2.3 Classification of irreducible infinite-dimensional finite- 
type bi-homomorphisms 

Let n E N. Let Z" be a rank-n free Z-module with a basis {er\r G Ji,n}- Let m G 

Jo,n- Define the map r]m\n-m : Z" X Z" Z by ?7m|n-m(I]r=l ^r-Cr, Zlr'=l K'(^r') ■ = 

YaLi^i^'i - Yl?'=m+i^i'^i'- Define the map Pm\n-m ■ Z" Jo,i by Pm|n-m(2) := 

For X G Xu, and a G ©(/), define G by "j) := "<T-i(i)) 

for all i, j G /. 

By the Heckenberger's classification [TJ Tables 1-4, Theorems 17, 22] and 
Lemma ITT] we have 

Theorem 12. ([?]) For 6 G Ji,io, /et x}^^ be the set of x e A'n g'zwen m (6) below, 
and let X^'^'' := { x' | 3x G X^\ 3a G ©(/), x' ~ X'" }■ ^/ien we /iat;e 

(2.15) {xG A'^'-nA'/j-l dimf/-(x) = oo}= [+) 

6gJi,io 

In the following, let qij := xl^i, ctj)- 

(1) (A^ {N G N), 5^ (iV G J2,oo), (iV G J3,oo), (N G J4,oo), En 
{N G Je.s), {N = 4), (iV = 2), 5(0, A^) (A^ G N)) T/iere exzsi A^ x A^ 
irreducible finite-type Cartan matrix A = [aij]ij^j, rfj G N (i G /), and q G Poo 
Sfic/i t/iat (ijOij = djaji, qu = (f'^^ and qijqji = hold for all i, j G /. 

(2) (s/(m + 1|A^ - m), or [3, Table 4, Row 2]) Assume N G J2,oo o^c? /ei 
m E Jr. N^. Let di := Ci — Cj+i G Z^+-^ for i E I . There exists q E Poo such that 

'2 

(3) {B{m,N — m), or [3 Table 4, Row 4]) Assume N E J2,oo and let m E 
Ji^N-i- Let di := e^ — Cj+i G Z^ /ori G Ji,Ar_i. LetdN '■= G Z^. T/iere exists 
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q e Pod such that qu = ( — l)PiV-m|m{ai)g'?iV-m|m("«,a«) q^jqjj^ = q^'nN-m\m{ai,aj) 

hold for all i, j G /. 

(4) {C{N), or [71 Table 4, Row 9]) A ssume N E J-s^ca- Let oti :— Cj — Cj+i G 
for i G Ji^AT-i. Let := 2eN G Z^. There exists q G Poo such that 

(5) {D{m,N — m), or [71 Table 4, Row 10]) Assume N G J4^oo one? let m G 
<^2,Af-i- -^ei ai := — Cj+i G /or z G Ji,Ar_i. Let apf := eAr_i + E Z^. 
There exists q E Poo sttc/i i/iai g^j = (^—iyN~m\miai)qVN-m\r,-,iai,ai) qijqji = 
q^VN-m\va{ai,aj) /joW/or all i, j E I. 

(6) (P(4), or [7], Table 3, Row 9]) Assume TV = 4. T/ie Dynkin diagram of x 
is the one of Xf,o in Figure\B with q E Poo- 

(7) (G(3), or [71 Table 2, Row 7]) Assume N = 3. The Dynkin diagram of x 
is the one of Xf,o in Figure^ with q E Poo- 

(8) (-0(2, l;a;), or [TJ Table 2, Row 9]) Assume N = 3- The Dynkin diagram 
of X is the one of Xf,o in Figure\Ewith q E Poo and r G \ {1,^"-*^}. 

(9) ([3, Table 1, Row 5]) Assume N = 2. The Dynkin diagram of x is the one 
of Xf,o in FigurelE with q E Poo and C G P3. 

(10) ([3) Table 3, Row 14]) Assume N = A. The Dynkin diagram of x is the 
one of Xffi in Figure fiOl with q E Poo- 



2.4 Longest elements of the classical Weyl groups 

In the proof of Theorem [18] below, we use the notation and facts as follows. 
Assume h E J2,5, and keep the notation in Theorem [12] (b). Let N' := N + 5b2- 
For z G Z^' \ {0}, define E Autz(Z^') by s,{y) := y - '-^^^^z. Let := 

{i E I). Let W be the subgroup of Aut2(Z^') generated by Sj {i E I). Let 
X := {si\i E I}. Then (W, X) is the Coxeter system of type Aj^, Bjy, Cn{= Bjy), 
D]\r for 6 = 2, 3, 4, 5 respectively. Let Wq be the longest element of {W, X). Then 
we have 

{eN+2-y ^ = 2, 

b = 5,y = N e2Z, 
—Cy otherwise 

{y E Ji,N'), and we have a reduced expression of wq as follows: 
(2.17) ' 

(S1S2 ■ ■ ■ Sn){SiS2 ■ ■ ■ Sn-i) ■ ■ ■ (SiS2)Si 6 = 2, 

Wo= { {SlS2 ■ ■ ■ Sn)^ b E J3,4, 

(Si ■ ■ ■ SN-2SNi)iSi ■ ■ ■ Sn_2SN2) ' ' ' (Si ■ ■ ■ Sn_2SNn) b = 5. 

where N;^ := N — 

For a non-empty subset /' of /, let X^ := {si\i E I'}, and let be the 
subgroup of W generated by X^ . Then (W^ , X^ ) is also a Coxeter system. 
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Assume 6 = 2. Let /" '■= I \ {m + 1}. Using the same results for (W^" , X^") 
as in fl2.16p - fl2.17p . we can see that we have a reduced expression of Wq as follows. 



Wq = (SiS2 ■ ■ ■ Sm) (S1S2 " " " S^^i) ■ ■ ■ {S1S2) ^ Si 

(2.18) 



m m-1 2 1 

{Sm+2Sm+3 ' ' ' SN){Sm+2Sm+3 ' ' ' SN-i) ' ' ' (Sm+a^m+s) Sm+2 



N~m~l N-m-2 2 1 

N—m N—m N-^m 

Assume 6 = 3. Let X' := {si\i G Ji,Ar_m-i}, U{se^_„}. Let W' be the 
subgroup of W generated by X' . Note that {W' ^ X') is the Coxeter system of 

type Bj^^rn- Note that Se^_^ = SAr_mSAr_m+i ■ ■ ■ SAr_iSArSAr_i ■ ■ ■ SAr-m+lSAr_m- 

Let := JN~m+i,N- Using the Coxeter system {W' x W^'" ,X' x X^'") of type 
Bn-tu X -Bm,, by fl2.16p - fl2.17p . we can see that we have a reduced expression of 



Wo as follows. 

Wo = {sN~m+lSN~m+2 ' ' ' Sn)"^ 

(2.19) m ^^ ^ ^ 

■(^SiS2 ■ ■ ■ SaT-iSatSaT-I ■ ■ ■ SN-m+lSN-m 

^ v ' 

N+m 

Assume 6 = 4. Similarly we have 

(2.20) Wq = { S2SS - ■ Sn) ^~^ ■ S1S2 ■ ' • Sn-iSnSn~1 ' ' ' ^2^1 - 

N-1 2N-1 

Assume 6 = 5. Let s'j^ := Sg^. Similarly we have 
(2.21) 

Wo = {sN^m+l ■ ■ ■ SN-2SNi){sN-m+l ■ ■ ■ SN-2SN2) - - - {sN-m+l ■ ■ ■ SN-2Sn„ 



m.(m.— 1) 

■|^SiS2 ■ ■ ■ Sjy^iS^Sjy^i ■ ■ ■ Sj\[^rn+lSN-m) 
V ' 

N+m 

Notation 5. For 6 = 2 (resp. 3, resp. 4, resp. 5), let r(fe) := '^^^^^^^ (resp. A^^, 
resp. A^^, resp. A^^ — m), and define /(b) G H^^^j in the way that for x G ^i,r(b)5 
the x-th factor of RHS of flZTS]) (resp. (dim , resp. ([2201), resp. fICTD ) is 

3 Lusztig isomorphisms 

In this section, fix x G A^", let qij := xi^Hi (^j) {h j ^ I): and fix A G Ch{U^ (x)) ■ 
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Theorem 13. ([8]) There exists a unique C-algebra isomorphism 
(3.1) T, = Tt'':Uit>x)^Uix} 

such that 

Ti{Ka) = K^>x(^^y Ti{La) = L^>x(^^y 

Ti{Ei) = FiL-ai, Ti{Fi) = K^aiEi, 
(2-2^ Ti(E.j) = E+x 

T(F) = - 

hold for all a G ZII and all j E I \ {i}. 

Lemma 14. Let i E I and h := h^^^^i. Assume h ^ oo. Then there exist a 
unique i > A G Ch(t/°(i > x)) ^'^^ ^ unique C-linear isomorphism 

(3.3) f, = f;^^^'^^^ : L,,^(^ > A) -> L^(A) 
sttc/i that 

(3.4) VX G ?7(2 > x), T,(Xt;,,J = T,(X)i^V. 
Moreover, we have 

(3.5) ^ii>Xi*>^i* ~ 
and 

(3.6) z>z>A = A. 
Further, for x' e A'n'' and A' G Ch(t/°(x')); '"'e have 

(3.7) (x,A) = (x',A') ^ (z>x,^>A) = (z>x',^>A'). 

Proof. We can regard -^^^(A) ^ ^^^^ ^(^ x)"i^odule defined by X ■ m := 
Ti{X)u {X e U{i>x), u e L^{A)). Then there exist z>x ^ Ch([/°(i > x)), and a 
?7(i > x)-module homomorphism z : Mi^^{i > A) — )• /^^(A) ^^^'^ ^'^^^ -2^(-^^'j>x) 
Ti{X)Fl'vA (X G f/(i>x))- We have 

(3.8) VA; G Jo,h, z-\CFtvj,) = CF^^.^ 

(cf. ([L23D). Since z{EiFl'+%^^) = 0, by (fSS]), we have EiFl'+\^^ = 0. Hence 
(13 .Sp holds. Hence we see that the linear isomorphism Tj of (13. 3p exists. The rest 
of the statement is clear. This completes the proof. □ 

The following lemme is easy exercise for the reader, use also Lemma [9] and 

(OH). 
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20 A 



l>2>Ay . . . . VloA 



lo2oloA 2oloA 
= 2>lo2>A 

,(2) 



L^(A) for X e X^'> with iV = 2, m = 1, 
figure i. ^ ^^^^^2 ^ ^here A, := A(i^„,L_„J 



Lemma 15. Let i ^ I be such that qa G Poo (^nd h^^\^i ^ oo. Then (i>x,'i>A) = 
(X,A), and /ijox.ioAj = /^xAi M all j G /. 

Notation 6. Let n G N, and let / G H„. Recall Notation HI Let Ajq =: A. Let 

A/_t =: f(t)>Af^t~i for t G Ji^n such that Vr G Jo,t-i, ^x/>,A/,,,/(r+i) < oo. Let 

(3.9) H{x, A, /) := Max{t G Jo,„ | Vr G Jo,t-i, ^x/,r,Aj,„/(r+i) < oo}. 

Then the following lemma is clear from f lL27l) and Lemma [HI 

Lemma 16. Let n G N, and let f G H„,. Assume l^s/^„(n) = —11. Then 
dimL^(A) < oo if and only if H{x, A, f) = n. 

By (11.311) , (13. 7p , and Lemma [IHl we have 

Lemma 17. Let x! e and A' G Ch(t/°(x')) be such that (x', A') = (x, A), 
r/ien dimL^/(A') < oo if and only z/dimL^(A) < oo. 



4 Main theorem 

In this section, we keep the notation in the statement of Theorem [T21 and, for 

5 G Ji 10, we fix X{b) £ '^n^^ and let 
(4.1) ' 

% := {AG(Cx)^|3AGCh(f/0(x(6)))nK-;,({A}),dimL,,,,(A)<oo} 
= { A G (Cx)^l VA G Ch(f/0(x(.))) n «:-l,({A}), dimL,,,,(A) < oo}, 

where the second equality follows from Lemma [171 By Lemma [TTJ Si^b) is inde- 
pendent from choice of x' ^ with x' = X{b)- 

In the statement and proof of Theorem [T5I below, for A G (C^)^ and i & I, 
let Aj mean the i-th component of A, that is, A = (Ai, . . . , X^). 

Theorem 18. Let b G Ji,io- Let q, f, ( be as in Theorem for X(b)- Let 
/(b) := {i G /|x(b)(ai,«i) e Poo}- Let S[f^^ := {A G (Cx)^|Vj G /(fe), Sn^- G 
Z>o, Aj = (ttj 5 ttj )"■■'}■ r/ien ti;e /iave 

_ r z/ 6 G {1, 2, 4}, or & = 8 and qr ^ P^, 

^ ^ \ W otherwise, 
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where S'^^^^ and S'^^^ are defined as follows. Define -Ofc G C^, nf, G N, and the map 
gb : (C^)^ ^ by the table below. 



b 


9bW 




rib 


3 






2m 


5 






m 


6 


A2 A4 




4 


7 


A1A2A3 




6 


8 


A1A2A3 




2 


9 


A1A2 




2 


10 


Ai A2A3A4 




3 



LetS[,y^, := {\eS[,^\gb{\) = vn- Let 

(4.3) S^l^ := 1+) S[by^,. 

Z^J rij^ , + 00 

Let 

(4-4) 5'(3) := l+l e 5'[3).2^ I Vi G JAr_„+^+i,Ar, Ai = 1}, 

Let g',i\) := n.eJ._,.-. ^ ^ (Cx)^. Let 

(4.5) 

:= ( l+l {AG5('5)^J^?^(A) = r'^V^G J^_^+.+i,;v, A, = l}) 
W{A G 5('5);^_i |^75(A) = r'^'"-^), A^_i = A^}. 
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Let 



(4.6) 




:= {(l,l,l,l)}W{(r%'\ 


1,A3,1)G%2} 






W{(r'2A3lA^^g2^4,A3 


A4) G ^Ig^.g}, 


(4.7) 




:= {(l,l,l)}W{(r%^\l, 


A3) G 5'(7).4}, 


(4.8) 




:= {(1,1,1)}W{Ag5('3)^J 


A2G{i,r'Ar'}}, 


(4.9) 




:= {(1,1)}, 




(4.10) 




:= {(l,l,l,l)}W{(Ai,l,l, 


A4) G 5'|]^o);2 A1A4 






W{AG5('io);2|A3G{l,g 





Proof. In this proof, let b G Ji,io, and let X(b) be as in Theorem [12] (6). In (6) 
with b G J2,5 below, let be as in Theorem [12] (6). let A^', Si, and wo be those in 
Subsection 12.41 (defined for X(b)), define l G Homz(Zn, ) by ^(aj) := (z G /), 
and let r := r(b) — 5;,4 and / := /(;,) (see Notation [5]). We also use Notations H] 
andO Let x '■= X{b), for brevity. 

(1) Assume 6=1. Then for any x' ^ '^n" with x' ~ X, we see that x' = X, 
and that c^- = for all i, j G /, where those one in Theorem [T2] (1). 
Hence we have (14. 2 p for 6 = 1 by Lemmas [IDl [13 and [16] 

(2) Assume 6 = 2. We see that for any x' ^ '^n'^ with x' ~ X, [Ci^]i,je/ = 
[c^]j and it is the Cartan matrix of type A^r, which implies sf = L~^SiL for 

-H. Let r' := ^^^^ 

We can easily see 



all 2 G /. By (ICTj) and ( 1236|) . we have l^S/,r(H) 

(Af-l-m)(Af-m) 
2 



+ 



(i) VA; G /\ {m + 1}, x(afc,afc) e Poo- 
(4.11) (ii) Vti G Jiy , /(ti) G / \ {m, + 1}. x/,ti-i(a/(t,), "/(ti)) ^ ^oo- 
(iii) Vt2 G Jr'+i,r, X/,t2~i("/(t2),"/(t2)) = -1, 

see Figure [2] Hence we have (14. 2 p for 6 = 2 in a way similar to that in (1). 

(3) Assume 6 = 3. We see that for any x' ^ '^iT with x' ~ X, [Ci^]j,je/ = 
[c^jij-g/ and it is the Cartan matrix of type Bj^. By f l2.19p and f l2.16p . we have 
l>^s/'^(n) = -H. Let r' := m^. Recall 



(4.12) 



N -m + t 
fit - m) 
fit) = <{ t-r' 

r' + 2N -t 
[ f{t-N-m) 



if t G 

if t G Jm+l,r', 

if t G Jr'+l,r'+Ar, 

if t G Jr-i+N+iy+N+mi 

if t G Jr'+AT+m+l/r- 
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Xf,t2, {h e Jo,4) X/,5 X/,6 

o — o — o — o o — o — o — o o — o — o — o 

Oil CK2 Ce3 CK4 CKl CK2 fl3 fl4 f^l C^2 <^3 

X/,9 X/,8 X/,7 1 4 

O O O O O O O O O O O O 

Ctl CK2 CK3 CK4 CKl Cl2 CK4 "^2 *^3 *^4 

X/,10 1 3 

o — o — o — o 

ai 02 as Q4 



Figure 2: Dynkin diagrams of X{2) = X/,o and Xf,u with = 4 and m = 1 

where t G Ji^^- Using Lemma |9l we can easily see 

(i) VA: e /\{iV-m}, x(afc,afc) e Poo- 

(ii) Vti e Jl,r'+{Af-m"l)! = X- 

(iii) Vt2 e Jr'+(iV-m.),r' + (Af-l)7 X/,t2-l (^^/(ia) ) «/{t2) ) = ~ 1' 

X/,t2-i(«i>"i)X/,t2-i(«i>"i) = 
X/,t2-i(ai.ai) = X{aj,aj)- 

(iv) X/,t3-i(a/{t3)' "/{t3)) = where ts := r' + N. 

(v) Vt4 G Jr'+Ar,r'+Ar+m, X/,t4 = X/,2{r'+Ar)-t4-l; 

see Figure [3l 

Let A G Ch(t/0(x)). For z G /, let := A(i^'„,L_„J, and let Xf^t,i ■= 
A;,,(i^„^L_„J for all t G A,/)- Let A := (A,),^/ G (Cx)^. By (H^ZD, we see 
that if dimL^(A) < oo, then, A G S'^^^y 

Assume that A G 5*13^. By Lemma [T5] and fl4.13p . we have H{x,A,f) > 
r' + A^ - 1, and {xfy+N-m-i, IVfy+N-m-i) = {x, A). Let x" ■= Xfy+N-i and let 
A" := Af^r'+N-i- For k G JN-m,N, let 

Afc if = A^ — m or fik~i = 1, 

Afcg^/ifc„i otherwise. 

By (I3]l]) and (iii) of f!4.13p . we have A/,t2__ij(t2) = /i/(t2), and A/,t2-i,/{t2)+i = 
A/(t2)+i for t2^Jr'+{N-m),r'+(N~i): and we have l\"{Kaf,L_a^) = /iat. By fll.26p 
and (iv) of ( 14.13^ . we have 

(4.15) K"A".N < oo 3c G Z>o, /iAT = {-q~^y. 

Assume h^n^^n^N < oo. By (iii), (v) of f l4.13p . we have H{x, A, /) > r' + N + m. 
By Lemma [T5l f l3.6p -( l3l71) . and (v) of f l4.13p . we can see that 

(4.16) Vt4 G Jr'+Ny+N+m, {XfM^^fM) = (X/,2(r'+7V)-t4-l 5 A/^2{r'+Ar)-t4-l) • 



(4.14) 
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X/,«i K GJo.sU {10, 11,16}) 



Xf.no. («2 G {6,9,12,15}) 



X/,U3 («3 G {7,8, 13,14}) 



o — o — o 



OL2 



as 



Q;4 



-1 ^-2 



-1 ^2 



o — o — o 



-1 ^-2 g 

0:4 



-1 g-2 r g-2 

o — o — o 



-1 ^2 



ai 



a2 



as 



-9 

o 

a4 



Figure 3: Dynkin diagrams of X{3) = X/,o ^i-iid with = 4 and m = 2 

In particular, (x/,r'+Ar+m, A/,^/+Ar+m) = (x, A)- By (|4.12p, we see if(x,A, /) = r. 
By Lemma fT6l dimL^j3j(A) < 00. 
Assume that 

(4.17) A G 5(3) and 3ci G Z>o, (73(A) = (-r')'^ 

By the last paragraph, we see that /iat = (— g~i)ci~2fc f^j. some k G Jo,m, and that 

(4.18) dimL^(A) < 00 ^ Ci - 2A: > 0. 

Assume ci G Jo,2m.-i- Define G Z>o (x G JN~m+\,N) by Aj^ = g^'^ {y G 
«/Af-m+i,Af-i) and Atv = if^ ■ Let /Ar_m := Ci + /7v + 2^^j^ /Ar_m+x. Then Aat-^ = 
(-l)^ig-'^-'". Let Z := { A; G JAr_„+i,Ar | 7^ 1 }. Assume Ci G 2Z + 1. Then 
Z = JN~m+i,N- Hence k = m. Hence ci — 2A; < 0. Assume ci G 2Z. Let C2 := y. 
Let 

^3 •= —iN-m + 2C2 + 2 XlzLo ^N-m+z 
= -(^Af + 2 Z^^^=C2+1 ^Af-m+zi)- 

Since Z D JAr_m+i,Ar-m+c2! we have k > C2 and fiN-m+c2 = ^t^- If C3 < 0. we 
have C2 < k. If C3 = 0, we have C2 = A;. 

By the above argument, we see that (14.21) for 6 = 3 holds. 
(4) Assume 6 = 4. Let r' := [N - 1)^. Recall that f{xi) G J2,n (a^i G Ji,^'), 
/(a;2) = a;2 - r' {x2 G J^'+i^+at), and /(xg) = r' + 2iV - X3 (X3 G Jr'+7V+i,r+i)- 
See also Figure IH Note that s^^^* = L~^Sf(^k)'^ for all k G Ji,r.'+Af-2- Define 
G Hom(ZH, Z^) by i'(ttj) := aj (j G Ji,Ar_i), and t'(aAr) := Cat-i + cat. Then 
4(;C^:i) = ^^'s^-i^'- Define a G ©(/) by fr(z) := z (z G Ji,^_2), a(iV - 1) : = 
A^, and a{N) := N - 1. Define r G Autz(ZH) by r^aj) := Note that 

Tsf T = s^-^.j holds for all x' ^ '^n and all i G /. Note r = (6')"^SAr6'. Define 
/' G H, by /'(z) := /(z) (z G Jiy+;v-i), fir' + iV) := iV, and f'{j) := r + 1 - j 

(j e Jr '+N+l,r)- Note that (X/',i)'^ = Xf,r+r'-j [j G -'r'+Af-l,r)- 

We can see 

= (iSj^|-)i ^){LSjrJ^2)'^ ^) ■ ■ ■ (''■^/(r'+Af-2)'' ^) 

(4.20) •(^4^::r-^(o-^)(^v(o-^)(^;4'^'r"-^^'^-^)^ 

_i ')(iS^_3 L ')---{tS^^ L 

= (^/(l)^/(2) ■ ■ ■ Sf(r'+N-2))sN-lSNSN-l{sN-2SN~3 ' ' ' Si) 

= Wo- 
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Xf,t2 e Jo.g) 

o — o — o — o 

ai ai a-i a4 



Xf',15 

o — o — o — O 

Oil a.2 OL^ CK3 



x/,10 

-1 ^2 -1 ^-2 92 4 g4 

o — o — o — o 

di cy.2 ^3 04 



X/,12 = (x/,12)'^ 



X/',14 

-1 ^2 -1 ^-2 e q-i 9* 

o — o — o — o 

ai ai 04 a3 




o — o — o — o 



"1 



a2 0.4 



"3 



Figure 4: Dynkin diagrams of X(4) = X/,o and x/,m with = 4 

By f l^TTB]) and f lX^ . we have l^s//,^r(n) = -H. Hence lXs//,^(n) = -H. In a 
way similar to that in (2), we can see that f l4.2p for 6 = 4 holds. 

(5) Assume 6 = 5. Let r := N"^ — m. In a way similar to that in (4), we have 
l^Sf^rO^) — ~n, see Figure [5l In a way similar to that in (3), we can see that 
M ' for 6 = 5 holds. 

(6) -(10) Assume b G Je.io- Let r be the integer defined as the (6 — 5)-th 



Xf,Ul Xf,U2 

(«i e Jo,7U {14, 15,22}) (?2 {n2 e {8, 13, 16,21}) q'^ 




Figure 5: Dynkin diagrams of X{5) = Xf,o and Xf,u with N = 5 and m = 3 
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Xf,ui 

(mi G Jo, 9 U {18}) 

o — o — o — o — 



02 



03 



04 



Xf,U2 

{u2 e {10, 17}) 

-1 ^2 -1 ^-4 9* ^-4 9* 

o — o — o — o 

01 02 03 04 
Xf,U5 

(U5 e Jl3,14) 

94 ._4 9* --4 -1 ^6 r*^ 

o — o — o — o 

02 03 04 Ol 



Xf,U3 

{U3 G {11, 16}) 9^ 




Figure 6: Dynkin diagrams of X(6) = Xffi and Xf,u 



component of (18, 13, 7,4, 15). Define / G by 



(4.21) (fix)) 



XG Jl,r 



f (2,3,4,2,3,4,2,3,4,1,2,3,4,1,4,3,2,1) if 6 = 6, 

(2,3,2,3,2,3,1,2,3,1,3,2,1) if 6 = 7, 

(1,3,2,1,3,1,2) if 6 = 8, 

(2,1,2,1) if 6 = 9, 

[ (1,2,1,4,3,4,2,1,4,3,1,2,4,2,1) if 6 = 10. 



(4.22) 



Using fl2.12p . we can directly see that l^Sf^r(n.) = — n. The map / has a good 
property similar to that for (2)- (5) in the sense that 

(X/,x-i(a/(x), a/(x)))xGJi,. 

/• / "2 "4 ^4 "2 ^4 "4 ^2 "4 ^4 

[q ,q ,q ,q ,q ,q\q ,q ,q , 
-1, -1, -1, -1, r', -1, -1, -1, -1) ifb = 6, 

(g2, g^ g^ g^ g^ 

-1,-1,-1,-r', -1,-1,-1) if & = 7, 
(g,f,-l,-l,(gf)-i,-l,-l) if 6 = 8, 

(g,C,Cr\_C) if& = 9, 

{q-i q-i qi — q~^ i 

[ -i, -1, -1, -1, -q-\ -q-\ -1, -1, -1, -1, -1) if b = 10. 

Then using /, in a way similar to that in (5), by tedious calculation, we can 
see that (lT2l) for h e Je.io hold. 

Let us explain more precisely in the case where b = 10. For u = [ui, U2, z/3, z/4) 
G (^0,1)"^, let S^QN be the set of elements A of S'(io) such that for A e Ch([/°(x(io))) 



with Kx(,io)i^) = ^,h 



Xf,3+xAf,3+x 



,/(4+x) = hold for all x E Ji,4. 
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Xf,ui 

(wi G Jo, 6 U {13}) 

o — 

ai a.2 as 



{U2 G {7, 12}) 



Xf,U3 

{U3 G {8,11}) 




(U4 J9,10) 



3 -1 ^4 -q 

o — o 



Cl2 0.2, 



Figure 7: Dynkin diagrams of X(7) = X/,o and 



(mi G Jo, 2 U {7}) 
g ^-1 -1 ^-1 r 

o — o — o 

ai C(2 as 



X/,«2 

(W2 G{3,6}) 



(«3 G J4,5) 




ai 



i'ir)-' O O O 



Ct2 Ctl 



"3 



Figure 8: Dynkin diagrams of X(8) = Xf,o and Xf,u 



Xf,ui 

(mi G Jo,i U {4}) 

O O 

ctl 02 



Xf,U2 

{U2 G J2,3) 



Q2 



Figure 9: Dynkin diagrams of X(9) = X/,o and Xf,u 



Xf,Ul 

(mi g Jo, 4) 



Xf,U2 

(«2G{5, 13}) -1 



o — o — o — o o 

ai 02 03 04 




o — o — o — o 

03 02 Cll 04 



Xf,U3 

(m3 G {6, 12}) 

q q~l -1 _i -1 _g -9" 

o — o — o — o 

ai a2 04 03 



Xf,U4, 
(«4G{7,11}) -1 




9 g-i -g -9 

o — o — 0—0 

a2 ctl ct4^ 03 



Figure 10: Dynkin diagrams of X(io) = Xf,o and Xf,u 
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Then we can directly see that 



•^(10) 



(4.23) 



{(1,1,1,1) 
{ A e S'(%) 

{ A G 5(^0) 
{ A e 5(^0) 
{ A G 5(^0) 



1,1,0), 



} if z/ = (0,0,0,0), 

A2 = A3 = 1, (7io(A) = -r'} ifi/=(0, 

A3 = l, 3cGZ>o, (7io(A) = (-r')^+'} 

if z/ = (0,l,l,l), 
AiA2AiA4 = q-\ 3c G Z>o, (?io(A) = (-?"')'=+' } 

if z/ = (l,l,l,0), 

A3 7^ 1, AiA2AiA4 7^ r^ 



3c G Z>0: 

if u 

otherwise. 



^7io(A) = (- 
= (1,1,1,11 



'l\c+3 



} 



Then we can see that (14. 2 p for b = 10 holds. This completes the proof. □ 

Remark 7. (1) In the proof of Theorem [TS] for b G t/2,10, "we have r = \R'^{x(b))\, 
that is, if 6 G J2,3UJ5,io (resp. b = 4), l^Sf^r (resp. l^Sf^r) is a reduced expression 
of the longest element of the corresponding Weyl groupoid whose end domain is 

(2) Let U{x(b)) be the unital C-algebra such that it contains f/(x(fe)) 
Laurent polynomial C-algebra X := C[xf^\i G /] as subalgebras, the linear 
map U{x{b)) (S) X — 7- U{x{b)) {z ® y ^ zy) is bijective, and XiKaX~^ = Ka, 
XiLaX^^ = La, XiEjX^'^ = (f^^Ej, XiFjX^^ = q~^^^ Fj, where recall q G Poo- Then 
we have a bijective map from {A G Ch.{U'^ {xib)))\i^X{b)i^) ^ ^{b)} ^ (C^)^ to the 
set of equivalence classes of finite-dimensional f/(x(6))-niodules sending (A,/i) to 
the equivalence class of irreducible highest weight ?7(x(6))-niodules with highest 
vectors v such that EiV = 0, KaLj^v = K{KciLj^)v and XiV = HiV. 

(3) It seems to be not easy to recover Theorem [18] for b G Ji^ from Geer's 
result [5] since definitions of his and our quantum groups are not so close. 

(4) See [H] for deeper results concerning Theorem [18] for 6 = 1. 
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